MT240: Complex Variables and Transforms

1u

Homework 4 Solution
Spring 2018

Problem 1

For each of the following functions

(z—1)(z—2)(z +2)?

(a) f(z) =

(i) Find all the singular points.
Singular points are z =1 and z = £2

(ii) Classify each singular point as removable, pole (multiplicity n) or essential. Note: A simple
pole has multiplicity n = 1.

Atz =1
I z 1
m-— = —
=1 (2 —2)(2 4 2)? 9
At z=2
. z 1
m-— = -
=2 (2 —1)(z +1)2 8

Simple Pole at z =1 and z = 2
At z = -2

I z 1
m -—— = —
z=—2 (2 —1)(2 —2) 6

Pole of multiplicity 2 at z = —2

(iii) Find the residue corresponding to each singular point.

At z=1
Res(f,1) = lm 20— 1
Y= G- 2?2 T 9

At z=2
Res(f,2) = lm—— - %
2T AT D02 8

At z = -2

Res(f,~2) = - ((z~ (-2))*f(2))

i (ee) = w
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(iv) Evaluate the integral f f(2)dz.
|z|=5

f(z)dz
|z|=5

f(2)dz = 2mi(Res(f,1) + Res(f,2) + Res(f, —2)
|z|=5

cos2z —1

b = -

) 1) = 5+
(i) Singular points are z =0 and z = —i

(ii) Classify each singular point as removable, pole (multiplicity n) or essential. Note: A simple
pole has multiplicity n = 1.

At z2=0
o 22 -1 _
=0 (2)(z +1)
Removable at z =0 At z = —i
lim cos(2z) — 1 _ COS(QZ? -1
z——1 2z 21
Simple Pole at z = —i
(iii) Find the residue corresponding to each singular point.
At z=0
Res(f,0) =0
At z=—i
. cos(2z) —1 cos(2i) — 1
frg 1 _— = _—
Res(£,0) = lm —575 2i

(iv) Find the residue corresponding to each singular point.

7{25 f(z)dz

7{ - f(z)dz = 2mi(Res(f,0) + Res(f, —i)

cos(2i) — 1
21

f F(2)dz = —m(cos(2i) — 1)
|z|=5

= 27i(

)
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Problem 2

(a) Consider the periodic function shown in the following figure.

1.5

19 C—] (@ —

-6 4 -2 0 27 4 6
time (t)

(i) Find its time period T and angular frequency wy.
T=4r and wy = %

(ii) Is it an even function or an odd function?
Odd function, as f(—t) = —f(t)

(iii) Based on (ii), determine whether its complex Fourier series coefficients ¢, be real or pure
imaginary? Explain.
an — iby,
cp, = "
¢, will be pure imaginary because the function is odd and it’s Fourier series don’t have real
terms i.e a,
(iv) Based on (ii), determine the relationship between ¢, and c_,.
Cp=—Cp
(v) Write down the equation of the function in the interval —2 < ¢ < Z.
1, 0<t<2r
ft)=< -1, —2r<t<0

0, otherwise
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(vi) Now find its complex Fourier series. Clearly write the final expressions for ¢y and ¢y,

Cco =
1 0 mt 2 _nt
Cp = — —e 2 dt + e 2 dt
4 —27 0
1 [2e7%|° 2e~% |7
= — - + —
47 N |_o. mo |,
1 [/2—2cosnw —2(:osn7r+2>
= — - + -
4 m m
1—(=1)"
Cp = ( )
inmT
[ee]
1 - (_1)TL nt
t) = v
fey=>  — ——e
n=-—oo

(vii) Using your answer to (vi), evaluate the Fourier series coefficients a,, and by,.

_ap —iby
T
a, =0
b, = 2icy,

bn:%<12;fw>
Ul ) )

nm
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(viii) Plot its amplitude spectrum and phase spectrum for —7 <n < 7.

0.7
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Figure 1: Amplitude Spectrum

o ¢
NG
eRC
NG

¢
o0

> o¢

Figure 2: Phase Spectrum

(ix) Calculate the average power in f(t).

T
1 2
Pavg = f /_T ‘f(t)’2dt
2
2w
Py = </ (1)2dt>
—27
L2
Pasg = 1 %%
1
Pavg = 5(47{')
Poyg =1
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(x) Plot its power spectrum |c,|? for =7 <n < 7.

05
04F @
20.3 |
(N
02Ff
01F
ola & @ 4 ? & &
T 6 4 2 0
n
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(b) Now consider the periodic function g(t) shown in the following figure. This function is somehow
related to f(t) from part (a).

S — — 1 — — e ——m == -

6 -4 2w 0 27 4 6
time (t)

(i) Find its time period T and angular frequency wy.

T =4n and woz%

(ii) Is it an even function or an odd function?
Even function, as  f(—t) = f(¢)

(iii) Based on (ii), determine whether its complex Fourier series coefficients d,, be real or pure
imaginary? Explain.
0 - an — iby,
= ——— =

d,, will be real. Because the function is even hence it’s Fourier series will also be even and real
also as b, =0

(iv) Based on (ii), determine the relationship between d,, and d_,,.
d_, =dy

(v) Determine the relationship between f(t) and g¢(t) and write down an expression for g(¢) in
terms of f(t). [Hint: g(t) = af(b(t — t9)) + c. Determine a, b, ¢ and t.]
glt)y=2f(t+m) +1
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(vi) Now using the Fourier series coefficient of f(¢), find the complex Fourier series of g(¢). Clearly
write the final expressions for dy and d,,. [Hint: Use properties of Fourier series.]

1—(=1)"
Cn = 7( )
inm
Using time shift property:
fit) — cn

ft+7m) = cpemom
And linearity property:
fit) = cn
2f(t) — 2¢c,

gt) = do+ Y dpe™" =2f(t+m)+1

n=-—o00
oo 00 .
do+ Y dpe™t=2 > (cnemwotoai) +1
n=—oo n=—oo
oo 00 ,
do—l— Z dnemwot =14 Z (20neznwot0617>
n=-—00 n=-—o00

comparing both sides:
do =1

a2
=2 (1 —“(1;1)“ Wl)

_2-2(-1)"
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(vii) Plot its amplitude spectrum and phase spectrum for =7 <n < 7.
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Figure 3: Amplitude Spectrum
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Figure 4: Phase Spectrum
(viii) Calculate the average power in g(t).
1 [z
2
2
P(wg = f T |f(t)
2
1 s 3T
Poog = (/ (3)%dt + / (1)2dt>
—T K
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(ix) Plot its power spectrum |d,|? for —7 <n < 7.
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Figure 5: Power Spectrum

10 of 17



Problem 3

(a) Consider the periodic function shown in the following figure.

25

24

(i) Find its time period T and angular frequency wy.
T=27 and wy=1

(ii) Is it an even function or an odd function?
Neither Even nor Odd

(iii) Based on (ii), determine whether its complex Fourier series coefficients ¢, be real or pure
imaginary? Explain.
¢, will be complex as a, # 0 and b, # 0

(iv) Based on (ii), determine the relationship between ¢, and c_,.
C_p = Cp

(v) Write down the equation of the function in the interval —Z < ¢ <

L O<t<m
f)y=11%
Ly2, —m<t<0

U

(vi) Now find its complex Fourier series. Clearly write the final expressions for ¢y and c¢,,.

Cp =

t int Tt
in dt+/ (Lye-intgy
0 T
fmt 71nt 0 2efint 0 tefint efint ™
en = ) +(.>+(.+2)
—1in n - —in - —in n 0

2

1
T
1 t Tt
C():< +2dt+/ dt> =1
2m us o T
1
2m
1

n2 2 2m7r 2n2w2  inm inm 2nim  2n2w2  2n2n?
i
Cp = —
nmw
> i
f(t) -1 4 emt
Z T
n=—o00,n#0
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(vii) Using your answer to (vi), evaluate the Fourier series coefficients a,, and by,.

an — tby,
C = ———
" 2
Casel(n #0)
e
nwo 2 2
Comparing
anp =0
b, = 2ic,
by = 2i <Z>
nm
2
by = ——
nm
Case2(n = 0)
Qo
Co — 5
ap = 2

(viii) Plot its amplitude spectrum and phase spectrum for —7 <n < 7.

|c

04

0.2f

Figure 6: Amplitude Spectrum

Figure 7: Phase Spectrum
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(ix) Calculate the average power in f(t).

,
Py =7 | \F0)Pa

:
o= ([ (L2) e [ (1))
Poo = 3 (274 5) + 32 (5)
Pug=1l+3+z
Py = &

(x) Plot its power spectrum |c,|? for =7 <n < 7.

1r o
08
n
04r
02r
ocoooﬁ‘DT ?o“oooo
-8 -6 -4 -2 0 2 4 6
n
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(b) Now consider the periodic function g(t) shown in the following figure. This function is somehow
related to f(t) from part (a).

25
2 |
1.654 ®
| I : | I
at) | ' : | ‘ :
1 I | i | |
: I | } I
|
0.5%¢
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0.5
67 47 27 0 27 47 6

time (t)

(i) Find its time period T and angular frequency wy.
T=2r and wyg=1

(ii) Is it an even function or an odd function?
Neither Even nor Odd

(iii) Based on (ii), determine whether its complex Fourier series coefficients d,, be real or pure
imaginary? Explain.
d,, will be Complex.

(iv) Based on (ii), determine the relationship between d,, and d—,.
A, =d,

(v) Determine the relationship between f(t) and g¢(t) and write down an expression for g(¢) in
terms of f(¢). [Hint: g(t) = af(t — to) + b. Determine a, b and ¢.]
g(t) = 5f(=t) + 3
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(vi) Now using the Fourier series coefficient of f(¢), find the complex Fourier series of g(¢). Clearly
write the final expressions for dy and d,,. [Hint: Use properties of Fourier series.]

i
Cp = —
nm

Using time reversal property:
ft) — en
f(=t) = c_p

And linearity property:
ft) = ep

S0 = Sl

> . 1 ° A 1
g(t) = do+ Z dpe™ = 3 (1 + Z cne_mt> +3

n=—oo n=—oo
> : 1 1
o) = dot Y dne™ = LF(-1) 45
n=—oo
N : 1 > -, 1
bt Y aet =g (1e 3 e
n—=——oo n:,oo,n?éo nm
nt __ — —int
do + Z dpe'™ =1+ Z 72n7re
n=-—00 n=—o00,n#0
comparing both sides:
do =1
i
dp = ———
" 2nmw
> —1
=1+ > e
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(vii) Plot its amplitude spectrum and phase spectrum for =7 <n < 7.
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Figure 8: Amplitude Spectrum
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Figure 9: Phase Spectrum

(viii) Calculate the average power in g(t).

T
1 2
I

2

1[0 /=t\? Tt 2
Pavg = — — ) at — 4+1.5) dt
= (L) e [ (1s) )

1 15
<7T + L (15)r + F)

ws = 9r \3 7 12 2
44+1+27+9

R T
41

Pavg:ﬁ

16 of 17



(ix) Plot its power spectrum |d,|? for —7 <n < 7.
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Figure 10: Power Spectrum
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