MT232: Differential Equations

iJu

Homework 5 Solution

Fall 2018

Tips to avoid plagiarism

e Do not copy the solutions of your classmates.

e Your are encouraged to discuss the problems with your classmates in whatever way you like but
make sure to REPRODUCE YOUR OWN SOLUTIONS in what you submit for grading.

e (ite all the online sources that you get help from.

e Keep your work in a secure place.

Problem 1

(a) Consider the triangle wave given below.

T

—TT 1

Periodic Function fi(t)

(i) Determine its time period 7', frequency f and angular frequency w.
T=2r

As we know that
= =

WZQ%ZZ%’ — w=1rads™!
(ii) Write down its expression in the intervals —%Z <t <0and 0 < ¢ < L.
In the interval —m < ¢t < 0, two points on the line are (—m, —7) and (0, 7). Slope of the line is
2 in this interval and y-intercept is w. So, the equation of the line is 2t + 7 from —7w < t < 0.
In the interval 0 < ¢ < 7, two points on the line are (—m,7) and (0, 7). Slope of the line is -2
in this interval and y-intercept is 7. So, the equation of the line is —2¢ 4+ 7 from —7w < t < 0.

fl(t):{ AU+n —m<t<0

—2t+m O<t<m
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(iii) Is this an even function or an odd function? Explain.
It is an Even function because f1(t) = f1(—t).

(iv) Find its Fourier series.
Only a,, exist as the function is even.

1 s
anp = — f(t) cos (nt) dt
—T
an =2 < —2t 4 ) cos(nt)dt
n 0
2 s
an = — ( 2 tcos (nt)dt +/ wcos(nt)dt)
7T 0 0
2 t 1 [ T
an = — ( 2 ( sin (nt) | — / sin(nt)dt> +Z sin(nt) )
T n n Jo n 0
2 1 :
an—< < —5 COSNT — 2>+0>, csinnm =0
T n
4
ap = (1 — cosnm)
n?
4
—_ +1
an = W(l +(=D")
1 s
Ao = ; . f(t)dt
2 s
ap = / (=2t +m)dt
T Jo

2
ao = —(—t* + 7rt)|6r =
T

Therefore, Fourier series will be

= Z ay, cos(nt)

|
Z — (14 (=1)"") cos(nt)

n?

(v) Evaluate the Fourier series coefficients from n =0 ton = 9.

a0:0
8
ay = —
s
a2=0
8
ag—%
a4:0
8
a5—25—7r
a6:0
8
CL7—4977T
CLgZO
8
a9—817ﬂ_
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(vi) Find the particular solution of the following differential equation, if f(t) = fi(¢) is the input
function of the following differential equation.

y" + 25y = f(t)

oo

4 1
" 9 [ — (1 -1 n+1 t
Y+ 25y =~ —(1+(=1)"")cos(nt)

n=1
We first calculate the solution of the following equation:
y" + 25y = cos(nt)
S(r)=r%425
o =1in

The particular solution for the above equation can be found as following:

n=(st) - 2( )

- cosnt
Ip= o5 2

Now using the linearity property, y, for cosnt can be used to find the particular solution of

4
=3 L1+ (=1)"*1) cos(nt). The solution comes out to be:

For n # 5,

T n=1 n2
41 cos(nt)
=) — (14 (-1t
= D s (U
n7_£5
Now, we will evaluate yp2 at n = 5.
8
=1i5,B = —
“=r 257
tei5t
s pglte™
TS
8 teif)t
Y2 = 95w 10i

o 8 teiSt ;Z
2T 1025m) @\

_ 4 - .
Up2 = %t (cos bt + isinbt) (—i)

_ 4 :
yp2 = %{pr} = 71257r2t81n 5t

Yp = Ypl + Yp2
41 cos(nt) 4
=Y — (14 (-1 tsin 5t
Yp W;M( DT )t gt i
n;_é5
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(vii) What is the resonant frequency of the system in (vi)?

wT:wO:\/%zf)

(viii) Would any frequency component of fi(¢) cause resonance in the system? If yes, express that
resonant component of the output in terms of ¢, demonstrating that its amplitude is increasing
indefinitely.

Yes the component at n = 5 will cause resonance in system. The output component corre-
sponding this frequency is yp2

Yp2 = ﬁt sin bt
As, there is t in the numerator which will keep the amplitude of oscillation increasing.

(b) Now consider the triangle wave given below.

—an 3 —2n - 0 ‘ n 2n an an
Periodic Function fy(t)

Repeat all the steps (i)-(viii) in (a) for the triangle wave given in this figure. Use f(t) = fa(t) for
this part. In part (iv), use the Fourier series of f1(t) to compute the Fourier series of fo(t), i.e. do
not use the Fourier coefficient formulas to evaluate the Fourier series.

(i) Determine its time period 7', frequency f and angular frequency w.
T=2m

As we know that
f - C]-!V -
= =

27 27

W= —

T = 9. — w=lrads™!

ii) Write down its expression in the intervals L t<0and0<t< L,
2 2

2t
fa(t) = 2t

(iii) Is this an even function or an odd function? Explain.
It is an Even function. So only a,, exists.

(iv) Find its Fourier series.
First, we m to fi(¢t) with —1 which will shift the graph on by 7. Then scaled it with %

Falt) = ~((6) +7)

As, we need to find Fourier series of fy(t). Therefore,

1
falt) = Z(Ailt) +7)



We have already computed Fourier series of f;(¢) which is

£ = 237 (04 (1)) cos(nm)

Therefore,

a0:2

8
a1:1+72
as =1

8
:1 _—
as +97r2
ag =1

8
=14+
5 +257T2
a6—1

8
=1
a +497r2
a8:1

8
142
G =1 g2

(vi) Find the particular solution of the following differential equation, if f(¢) = fi(¢) is the input
function of the following differential equation.

y" + 25y = f(t)

In this case f(t) = fa(t)
41
" _ +1
y'+25y =1+ ) 321 s (14 (=1)""") cos(nm)

P(r)=1*+25

The new function f2(¢) can be written as following using the linearity property:

f2(t) = g1(t) + g2(2)

Where,
4 K1 _
g(t) =1,  go(t) = 3 Z ﬁ(l + (—1)""") cos(nm)
n=1
For g1(t)
B Beat - 60 . (t) B 1
L= 50) T 25 Yp1\t) = o5
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ypo for go(t) is y, computed for fi(¢) multiplied by % Therefore,

cos(nt)

¢ sin 5t
25 —n2 12572 M

4 X1
=Y 1+ (=)
Yp2 ”2n—1”2(+( )"
n;5

Now, ¥, can be written as the sum of y,1 and y,2 due to linearity property.

Yp = Yp1l + Yp2
1 4 X1 cos(nt)
= 1 [ =3 (14 (—)ntt tsin 5t
=95 | 22 ;1 20T Do s + g atsin
n;é5
1 4 X1 cos(nt) 4
gy = — 4 — ) — (14 (=1)"*! t sin 5t
Yp 25+71'2nz::1n2( DT g T gt
n#5

(vii) What is the resonant frequency of the system in (vi)?

(viii) Would any frequency component of fi(¢) cause resonance in the system? If yes, express that
resonant component of the output in terms of ¢, demonstrating that its amplitude is increasing
indefinitely.

Yes the component at n = 5 will cause resonance in system. The output component corre-
sponding this frequency is yp2

t sin 5t

4
W2 = 9502
As, there is t in the numerator which will keep the amplitude of oscillation increasing.
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Problems 2

Solve the following differential equations by any method of your choice (complexification, undetermined
coefficients, variation of parameters or any combination thereof).
Hint: Concepts of linearity and superposition will be helpful.

1
(a) Jv"+¢ +y=a’ -2

Y+ 4y + 4y = 42 — 8z

r*+4r+4=0
(r+2)?%=0
r=-2

As the roots are repeated, y. = (¢1 + CQIE’)G_Qm

Let yp:Ax2+Bx+C
y; =2Az+ B
y;,’ =2A
Putting the values of y,, y; and yg in the given equation
2A 4+ 4(2Ax +b) + 4(Az + B) + 4(Az* + Bz + C) = 42* — 8z
4Az* + 8Ax + 4Bx + 2A 4+ 4B + 4C = 42° — 8x
Comparing coefficients, A = 1,
B = -4,
7

025

Putting the values of A,B and C in y,

7
yp:x2—4x+§

Y="Yc+ Yp

7
y=cre ¥ +cpre 4% —dx+ 3
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(b) o' —y — 6y = e *Tsin 2z + 122

y' — 1y — 6y =e *Tsin2z 4 122
2 —r—6=0
r=-2,3
Yo = c1e 2" + cpe”

Considering only " — 1/ — 6y = 12z

yp1 = Az + B
y;)IZA
y;’1=0

Putting the values of 1, y;ﬂ and ygl in the given equation
0—-A—-6(Az+ B) =12z
—6Ax — A—6B =12z

1
Comparing coefficients, A = —5
1
B=—
12’
Putting the values of A,B in
x 1
Yp1 = _5 + E
Considerig only v — 3/ — 6y = e ¥ sin 2z

gpQ

yp2

[e%

gpQ

gpQ

gpQ

Yp2 = %{gp2}

Using superposition principle,

Yp

Yp =

Y

Y

e~ 2%[cos 22 + i sin 2

= %{gpQ}
—92 -2 B=1
eam
=B
S«
o(2i—2)z
- —4—6i
e % (—4 4 6i)(cos 2z + isin 2x)
B 52
—2x
=5 (6 cos 2z — 4 sin 2x)
= Yp1 + Yp2
T 1 —2x
=5+t 55 (6 cos 2z — 4 sin 2x)
=Yc+UYp
1 —2x
= c1e7 2 cpedT — g + 5 + 652 (6 cos 2x — 4sin 2x)
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(c) ¥y +3y +2y =

I+e”
y' 3y +2y = o
P +3r+2=0
r=-—1, —2
Yo = cre” " + coe” X
So,y1 =e *
yo =€

Finding the Wroskian

e~ 6—2:6
W= —e* —2e77
— _26—333 + 6—317 —_ _6—333

I y2f (%) _ e’

Uy = — =
w 1+4e*

Ul = yif(z) _ e**

2 w 14 e*

ex
= dt
“ / 1+e*

up = In |1 + €%

623:
= dt
2 / 1+e®

ug = — (e —In|1 + €”|)

Yp = Y1u1 + Yau2

yp = e “ln|l +e”| — e 2 (¥ —In|l + €|

yp=e "In|l+e"| —e "+ e In |l +e”|)

yp= (e "+ e ) In|l + e —e®

Y="Yec+Yp

y=cre®+cee (e +e ) nl+et|—e
y=(c1—1)e "+ e 4 (e + e ) In|l + €7
y=ce "+ + (e +e ) Inl+e”| (¢ —1=rc)
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(d) 2y"” 4+ 18y = 6tan 3t

y" + 9y = 3tan(3t)

r24+9=0
r=+43t, —3t
Yo = €1 €08 3t + cosin 3t
So, y1 = cos 3t
Yo = sin 3t

Finding the Wroskian

W =

cos 3t sin 3t
—3sin3t 3cos3t

= 3cos? 3t + 3sin® 3t = 3
/ y2f(x)  3sin3ttan3t

Uy =

w 3
o — y1f(x)  3cos3ttan3t
2T Ty T 3
/3sin 3ttan 3t
Uy = — fdt

/sin2 3t gt
Uy = —
! cos 3t

1 — cos? 3t
u=— [ —————dt
cos 3t

uy = — /(sec 3t — cos 3t)dt

1
up = —g(ln | sec 3t + tan 3t| — sin 3t)

3 cos 3t tan 3t
U2 = fdt

U2 = / sin 3tdt

cos 3t
Uy = —
? 3
Yp = Y1u1 + Yau2
1
Yp = cos3t| — =
3t
Yp = e WY | sec 3t + tan 3t
Y="Yc+Yp

cos 3t

Yy = c1 cos 3t + co8in 3t —
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Problems 3

(a) Compute the Fourier series of the periodic function with a period of 27 and is given by f(t) = ¢/2
for —m < t < 7, by evaluating the integral expressions for a,, and b, (or using even/odd to decide
that one or another of these sets of numbers are all zero).

As the function is odd, only b,, exist.

b = % i F@)sin (ur) e

Tt
b, = < ) 3 sin(nt)dt
b, = — tsm nt)dt
271'
1 T 1 [7
by, =5 << cos (nt) _7r+”/—7r cos(nt)dt>>
_ (= _ T 1 (nt) }
by, = 5 " cosn — cosna — 5 sin(n -
1 — —T .
b, = — << cosnmw — cosmr—0>> ,  cosinnm =0
2w n n
b l((:osn )
n n ™
n+1
) _ (D)
n

Therefore, Fourier series will be

(b) Go to the following mathlet link:
http://mathlets.org/mathlets /fourier-coefficients/
Press “Formula” to see the significance of the sliders. Move them around a bit and watch what
happens. The yellow curve gives the sum, the white curve gives the sinusoidal function you are
adding to the sum at the moment.

(i) With the settings on “Sine Series” and “All terms,” select target A. Move the sliders around

till you get the best fit you can eyeball. Record your results: by =. . . ,ba =. . ., . ...
o
T
b =0
3
ha — —
T or
by =0
3
br — —
T
bg =0
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(ii) Now select target D and do the same. But then, before you record your results, select “Dis-
tance.” This makes a number appear above the graph, which gives a measure of the goodness
of fit of the partial Fourier series you have built. Move the sliders from the top one to the
bottom one to get the best fit you can. Record the results. Notice that you began with large
period and then worked your way down to small period.

by =1

-1
62_14
b391
b4—116
b5:251
bs = ¢

Distance = 0.42144

Now press “Reset,” and do the same thing from the bottom up: you are putting in the best
possible multiples of sin(6t), then sin(5¢), and so on, in that order. Are the numbers you
obtain the same as the ones you got going in the other direction? How do these values match
up with what you computed in Part (a)? Do you suppose you would get different answers if
you put in terms in some other more random order?

Yes, the numbers are the same. The values are similar to the ones computed in Part (a). No,
the answer would be the same if we put terms in random order.

Problem 4

Consider the differential equation
dz’y" (x) + 17y(x) =

Sl

defined for x > 1 with initial conditions y(1) = —1 and ¢'(1)
given as

—%. The homogeneous solutions are

y1(z) = vz cos(2Inz),
yo(z) = Vasin(2Inz).

(a) Show that y; and y, are linearly independent.
Two functions are linearly independent if the following equation only holds for a = b = 0.

ay1(x) + byz(x) =0

ay/x cos(2Inz) + by/xsin(2Inz) =0

For all values of z, this equation is true only when a = b = 0 so, y; and y» are linearly independent.
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(b) Find the values of x for which Wronskian W = 0.
The Wronskian W (y1,y2) associated with y; and ys is the function

_ @) ()
Wlbw) =y 0) sh(a)
= y1(2)ya(x) — Yi(2)y2()

xcos(2Inz)

/
1
2COS 2Inz) sm(2lnx) _ (cos(2Inz) 2sin(2lnw)
Vv 2z 2\/x N3
1
= 2cos?(2Inz) + 5 Cos(2ln x)sin(2lnz) — 5 cos(2Inx)sin(2Inz) + 2sin?(2In )

) JTsin(2In )

= 2cos?(2Inx) + 2sin?(21In )
=2 (cos*(2Inz) + sin?(2Inx))
=2

W = 2 no matter what x is, so there is no value of x for which W = 0.

(c) Using variation of parameters, find the particular solution y, for Wronskian W # 0.
If a second order linear differential equation with variable coefficient is in its standard form

Y +p(x)y + qlx)y = f(z),

its particular solution is
Yp(x) = ur(z)yr(z) + uz(z)y2(2),

where
_ [e@f@,
u(@) = W(yl,yz)d
wnd ()1(2)
_ [n@)f@)
w(@) = W(ybyz)d

The given differential equation is

4y (x) + 17y(z) = \/15

We need to convert it into the standard form to evaluate u; and us, as follows

17 1
" ~ -
y (@) + 4x2y(:n) 4x2\/x
1
For ui, we need y2 = /xsin(2Inz), f(z) = ———= and W = 2,

4x2\/x

in(21
= u; = _/sm(gw;x)dx
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Let 0 =lnz — x=¢ — do=¢%
2
— uy = / 51126 6 49
1
e 9 sin 2046
1
— —~ Im ( 1+21)9d9
el
1 1+21
=——1Im
8 1 +2i
1 —1+20)¢ 1 +2i
= ——Im -
8 1 + 2 1 + 21
_ 1 Im (cos 260 + isin 20) (1 + 2i)
8 —-1-4
2 cos 20 + sin 26)
1
= 4—06_1“"”(2 cos(2Ilnx) + sin(2Inx))
1 .
= u = 407(2 cos(2lnx) +sin(2Inx))
1
Now for ug, we need y; = /xcos(2lnx), f(z) = 12 E and W =2,
ey _/cos(21nx)dx
812

1
= uz =g /6_6 cos 20d6

— 1 Re{/e(1+2i)9d9}

:—4—0 Re{ 9(cos 20 + i sin 20) (1+22)}

1
= —4—06_6(005 20 — 2sin 20)

1
= uz =~ (cos(2Inz) — 2sin(21nx))

The particular solution is
Yp = U1y1 + U2y2

((2cos(2Inz) + sin(2Inz)) vz cos(2Inz) — (cos(2Inz) — 2sin(2Inz))y/zsin(2Inz))

= f (2 cos? (2lnz) +sin(2lnz) cos(2lnz) — cos(2Inz)sin(2Inx) 4 2 sin2(2 In x))
x

1
40z

1
= NG (2 cos?(2Inz) + 2sin?(2 Inz))
— yle)= 5

AN
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(d) Find the overall solution y(z).
The general solution of non-homogeneous differential equation is

y(r) = cay1(z) + coya () + yp(2)

1

y(z) = c1v/xrcos(2Inz) + cov/rsin(2Inz) + 20/z

Given y(1) = —1,
1
y(1) = c1vV1cos(2In1) + cov/1sin(2In1) + — = —1

20
1.2
a= 20 20
(@) ¢ cos(21In ) n 2cocos(2lnz)  2ci1sin(2lnz)  cosin(2Inx) 1
x) = - _
Y 2T NG NG N 402~/
1
Given y/(1) = —5
’ C1 1 1
1) =— - =_C
y (1) 5 + 2¢9 10 5
> = 1
“ =0
The overall solution becomes
2
y(zr) = —l/g (42 cos(2Inzx) —sin(2lnx) + >
x
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Problems 5

Find a solution to the following differential equations:

(a) 2%y” + 102y’ + 6y = In 22
!

+ 10zy’ + 6y = Inx?

With substitution z = ¢! or t = Inz

$2y

dy ldy
dr  xdt
d2y_ 1 [(d?y dy
dx2_902<dt2_dt)

Substituting back the values

1 [(d>y dy 1dy
2( - (24 29 et _ 2
v <x2(dt2 dt)) +1Ox<x g ) 0y =)

Py | dy
— — =2t
o7 +9 7 + 6y
Now, we will first solve the associated homogeneous differential equation to find .

Py dy
— +9—+6y=0
az Ve T

24+ 9r+6=0

. -9 —+/57 =9+ /57
- 2 2

—9-+57, —9+V57,
Ye = C1€ 2 + coe 2

Let y, = At + B
yp = A
Yp =0
Putting back the values in equation
0+ 9A + 6(At + B) = 2t

Comparing coefficients

6A =2
1
A==
3
9A+6B =0
1
B=——
2

ot 1

=373

Y=Yc+ Yp

—9-/57 —9+/57, t

y=cie 2 '4cge 2 +3-5
Putting back the substitution t = Inz

—9—V57
y=cie 2 BT 4 he
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(b) z%y" —3zy + 13y =4+ 3z
z2y" —3xy + 13y =4 + 3z

With substitution z = ¢! or t = Inx

dy 1ldy
de — xdt
d2y_ 1 d2y dy
dx2_x2<dt2_dt>

Substituting back the values

1 [(d>y dy 1dy
2 t
= ——))—-3x|-——)+13y=4+
(xz(dt2 dt)) 5 (x dt> 3 5

P’y dy
—2 42 413y =4+ 3¢
a2 g Ty T AT
Now, we will first solve the associated homogeneous differential equation to find .
d*y  dy
— — 424+ 13y =0
az a7

r?—4r+13=0
r=24+3 2—3
Ye = th(cl cos 3t + co sin 3t)

dy  dy
Consideri ly — —4—=+4+13y =4
onsidering only a2 i + 1oy
Let y,1 = A
y;l =0
y;& =0

Putting back the values in equation
0+0+4+13(A) =4

Comparing coefficients

134 =4
A=t
13
_4
KA

d? d

Considering only %32/ — 4d—i + 13y = 3¢
Let yp2 = Ae!
yéz = Aet
yZz = Ae!

Putting back the values in equation
0Ae" — 4Ae" + 134¢" = 3¢

10A4¢e" = 3¢t
Comparing coefficients
10A =3
43
10
3,
=1

From superposition principle

Yp =1Ywk 18Yp2



Y="1Yc+ Yp

4 3
2t . t
= 3t 3+ ——+ —
y = e“*(c1 cos 3t + cosin 3t) + 13 + T0¢
Putting back the substitution t = Inxz
4 3
y =22 (¢) cos(3Inx) + cosin(3Inz)) + a3 + o€
4 3
y = 2%(cy cos(31Inz) 4 cpsin(31nx)) + R + 0%

Inz
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