EE361: Control Systems

v

Homework 2 Solution
Due Fri Mar 8, 2 PM Spring 2019

Problem 1

Consider the mass-spring system shown in the figure below. Deja vu? Yes, this is the same system that
you dealt with in Homework 1.
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Figure 1: Double mass-spring system

Two carts of masses my and mg with negligible rolling friction are connected to two springs (spring
constant k1 and k2) and dampers (damping constant b; and by) as shown in the figure. An input force
u(t) is applied on m; and the output is the position of mg. The displacements of m; and mgy from their
equilibrium positions are x; and x5 respectively.

(a) Write down the differential equation for the displacement z; of mass m;.

For writing the differential equation for the displacement x1 of mass my apply the super position
principle, m; moving my stationary
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Figure 2: Free Body Diagram of Spring-Mass-Damper System m; moving ms stationary

Using free body diagram, equation of motion form; according to Newton’s second law is

Fnet =mia = u(t) — (wl — .272)/431 — (.fl — l"g)bl

mlai'l = U(t) — (:Ifl — ﬂfg)bl — (.’El — I‘Q)k‘l (11)

(b) Write down the differential equation for displacement x5 of mass ma.

For writing the differential equation for the displacement xo of mass mo apply the super position
principle, ms moving m; stationary
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Figure 3: Free Body Diagram of Spring-Mass-Damper System mso moving m; stationary

Using free body diagram, equation of motion for my according to Newton’s second law is

Fret = moa = —kowo—boiy + (1 — x2) k1 + (21 — 22)by
MoXy — (33'1 — x'g)bl — (.Tl — l‘z)kl + koxo + body = 0 (1.2)

Given that the force u is the input and displacement x5 is the output. Using the state vector
z

x . .
X = p2 where p; and po are momentums of mass 1 and 2 respectively, write down the state-space
1

b2
representation of the system. Clearly specify the matrices A, B, C and D.

p1 = mixq and po = meZy .State space equation is:
T =Az+ Bu
Rearranging the Eq.1.1 and Eq.1.2,
miz1 = —kiz1 + kixg — 0121 + b2 + u(t)

mads = k1z1 — (k1 + ka2)za + b1z — (b1 + b2) 2
In terms of momentum . b
pl :_k1$1+k1$2_71p1+71p2+u(t)
m1 mo
' b b1 +b
P2 = kvay — (k1 + ka)za + —p1 — Mm
m1 mao

so the state space model is

0 0 — 0
mi

T 1 T 0
d| _ 0 0 0 m T2 10|,
D1 b1 b1 P1 1
] —k1 kq - —
b2 gnl (bm—%- . ) b2 0

ki —(k1+k2) = 12

L ma mo J

T
T2
p1
D2

y=[0 1 0 0
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- 1 -
0 0 — 0
mi
1 0
0 0 0 — 0
A= ma ,B= ,C=[01 0 0],D=0
b1 b1 1
—ky k1 —— —
b (b T o) 0
ki —(k1 + ko) = =2
L ma meo J

(d) Why is the state vector in (c) a valid choice? Explain in terms of energies.

Total energy of the system is

1 1 1 1
T, = iml-%:lz + §m2m‘22 + ikl(xl — 132)2 + 5]42.%'3
1p;  1ps 1 1 5
T, =" 4+ ==+ Lk — —k

= Ymr T am, T aR (@ T @)T+ Sk

Where ) )
1 1

KE=-P 4P

1 1
PFE = 5]{:1(1‘1 — I2)2 + §k2x%

These energies varies directly with x1, x9, p1, p2.S0 z1, x2, p1, p2 are valid state variables for this
system.

Xa(s)
U(s)
representation of the system. Can you figure out the state vector in this case?
X (s)
Ul(s)

Xg(S) B (kl + bls)

(e) Using the transfer function that you found in Homework 1, find a different state-space

Transfer function that you found in Homework 1 is

U(s) (mima)s* + (maby + miby + mbe)s3 + (maky + mika + maky + boby)s? + (bok1 + bika)s + k1ko

k1 n by
s
Xo(s) mimg  M1ma

N b b b k k k bab bak b1k kik
U(S) S4+(1+1+2>53+<1—|—2—|—1+21>82+< 2 + 12>S+ 12

mi ma ma ma mi m1 mima2 mims2 mims2 mims2

General form:

Gls) = Bns™ + Brm18™ 4 + Bis+ Bo
S A4 018" s T2 + a18 + oo
G(S) _ /318 + 60
st 4 383 + as? + a5 + ag

k1k bok b1k k k k bab b b b
Whereag: 12,&1: 21+ 12,@2:71+72+71+ 21’a3:71+71+72

mipms mime  M1M2 ms M1 Mmip  Mime my  Mms  Ma

k1 b1
50 = ) 51 -
m1ms9 m1ms9
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So the state space model is:

' [0 1 0
Z1
i 0 0 1
is| 0 0 0
. kik bak b1k k k k bab b
Ta _ hih2 _(21+12>_<1+2+1+ 21>_(1+
L Ti1mo mi1ms mi1ms mao mq mi mims mq
0
+19 w
0
1
z1
k b
y = 1 1 0 0 €2
mimse  M1Mm2 T3
L4

We can’t compute state vector directly from this state state representation.

(f) Compare your answers to (c¢) and (d) and explain the differences, if any.

Corresponding to one transfer function there are many state space representations.As you can see
from your answer to (c) and (d) that these are two different representations, with different A, B, C

and D matrices.

1

b
b

ma2

bo
mo
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Problem 2

A space module of mass m descending on Mars is shown in the following figure. The mechanics of its
descent can be modeled in the same way we modeled the rocket’s equation in class, considering the rate
of change of rocket’s momentum.

Module

Mars éun‘ace
Figure 4: A Space Module Preparing to Land on Mars

The input to this system is the rate at which mass of the fuel burns and is expelled, and the output is
the vertical position gy of the rocket. Assume that g is the gravity constant on Mars and drag force is
proportional to the speed of the module.

(a) What is the order of the system? Explain.
Total energy of the system is
1 5
Te = gmy” +mgy

2
There are two energy storing elemets in the system so this is a 2"¢ order system.
(b) Derive a differential equation for the motion of the space module, in terms of g, §j and 7.
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Figure 5: Free body diagram of Space module
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Output: vertical height y

Input: m
Newton’s 2% law in terms of law of conservation of momentum
dp
Fopet = —
net dt
d
—Ip—F, = £mv
b B dm dv
v—mg="v 7 m 7
bdy dy dm n d*y
ar "M T at dt 2

—by — mg =y + my

(c) Specify a set of appropriate state variables.
Total energy of the system is

I
Te = 5my* +mgy

Where energy varies directly with the rate of change of mass, change in velocity and height of the
space module.So appropriate state variables are m, y and g

(d) Find a state-space model for this system. Is this a linear model? If not, identify all the nonlinearities
in the equations.

[Note: In case your system is nonlinear, you do not need to convert the system in the form of
A, B, C and D matrices.]

The system is non-linear because there exist products of input and state variables.We can’t compute
A B, C and D matrices directly.
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